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Abstract

In a recent paper [P. Casati, G. Ortenzi, New integrable hierarchies from vertex operator representations of polynomial Lie
algebras, J. Geom. Phys. 56 (3) (2006) 418-449] Casati and Ortenzi gave a representation-theoretic interpretation of recently
discovered coupled soliton equations, which were described by e.g. R. Hirota, X. Hu, X. Tang [A vector potential KdV equation
and vector Ito equation: Soliton solutions, bilinear Béacklund transformations and Lax pairs, J. Math. Anal. Appl. 288 (1) (2003)
326-348. [3]], S. Kakei [Dressing method and the coupled KP hierarchy, Phys. Lett. A 264 (6) (2000) 449-458. [6]] and S.Yu.
Sakovich [A note in the Painlevé property of coupled KdV equation, arXiv:nlin.SI/0402004. [7]]. Casati and Ortenzi use vertex
operators for these Lie algebras and a boson—fermion type of correspondence to get a hierarchy of coupled Hirota bilinear equations.
In this paper we reformulate the Hirota bilinear description for the Lie algebra g[gé) and obtain a bilinear identity for matrix wave
functions. From that it is straightforward to deduce the Sato—Wilson, Lax and Zakharov—Shabat equations. Using these wave
functions and standard calculus with vertex operators we obtain elementary Béacklund—Darboux transformations.
© 2006 Elsevier B.V. All rights reserved.
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1. The polynomial Lie algebra g[gé)

We follow the description of Casati and Ortenzi [1] and introduce ‘polynomial Lie algebras’. For any positive
integer n, let C"™ (1) be the commutative algebra C[1]/(1)"*!. If g is a Lie algebra, we introduce the Lie algebra

g™ =g®C™®m). (1.1)

We identify g™ with the Lie algebra of polynomial maps C™ (1) — g. An element X (1) in g will be viewed as
the mapping X : C™ (L) — g, X(1) = Y o X A¥. The Lie bracket of two elements in g™, X(n) = Y ieo XAk
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and Y (1) = Y 7_, Yir* will be given by

n k
(X, Y] =) (Z[X,-, ij]g) Ak (1.2)

k=0 \j=0

where [-, -]4 is the Lie bracket defined on g.

We now take for g the infinite dimensional Lie algebra gl (see e.g. [4]), hence g[gé) is the infinite dimensional Lie
algebra given by the tensor product

gl = gl ® C™ (). (1.3)

.....

bracket is given by

k-ts kts
I:E[c.’ E} ] _ [SiEL = dimE” ifk+s <n, (1.4)
wohm 0 otherwise.
Following [1] we define a representation of this algebra on n 4 1 copies of the an infinite wedge space:
n .
F® =PF, (1.5)
i=0
where the spaces F' withi = 0, ..., n are copies of the semi-infinite wedge space F generated by the semi-infinite

monomials
DAL A AL AL
where i ; with i; € Z are basis vectors of C*, such that

i1 >ip>i3 and i;=i;_1—1 forallj>0

(see [4] for more details). We think of elements in F™ as (n 4+ 1)-dimensional column vectors with entries from F.

It will be convenient to define on F the following operators I/fi+(k) and wi_(k) which act as

+(k) - . . . . . T
Vi o N A B Alp Ay e By Alp A )
+ . . + . . 4. . T
= (0,...,0, wl (LOI /\l_o2/\.),1ﬁl (Lll/\l—lz/\")""wl (Ln—k,l/\l-n—kl/\")) . (1.6)

k

where the action of the operators wf is given by the usual formulas [4]:

0 if j =i, for some s,

(=D A AN AL g A iy > > g,
0 if j # i, forall s,
Dy A AN AN AL i =

wﬂhAhAnJ:{
(1.7)
wﬂgAgAu»:{

One easily checks that for j + k = £ + m:
—k) , —(j —) , —
,wi ( )wl ) wl ( )wl (m) 0’

05
Sudith i j+k <n, (1.8)
0 otherwise,

k) ,+(J (4
I/fi‘H )wl ) + wl‘F( )wi‘F(m) —

+k) , = -0, +
wi ()Wl (J)_’_WI ()wl (m) —
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where A is the n + 1 x n + 1-matrix

00 --- 00
1 0 --- 00
A=1]0 1 --- 0 O
0O 0 --- 10
It is convenient to have the generating fields of these operators
w+(k)(z) — Zw}f’(k)zj—l’ (k)(Z) Zw (k) —]
JEL JEZ

then the relations (1.8) can be rewritten as

YOI +yTOQyT ™y =0, v PO D)+ v Oy ™) =0,

+00) ¢y o= () Oyt o 8 = ATTR ik < n, (1.9)
vV @)+ v ()Y ) = {0 otherwise.,

forall j + k = € + m, where
8(y—z)—y‘1z< )
JEZ

The space F™ has a charge decomposition
F® — @ Fr&zn)
meZ

on letting

Im)i = (0 m/\m—l/\m—2/\...,0,...,0)T

i
R +(k) .
and have charge m in F"' and charge (v ; ) ==j.
We call |0) = |0)0 the vacuum vector. It will also be useful to introduce the m-th vacuum vector

m)y=m°=mam—-1Am—=2n..., 0, ...,00".
%,—_/

It is clear that

v Omy=0 forj<m, y;Pm)=0 forj>m k=0, n

(%

We can now define the representation p of glee on F by setting

1 & k1) , —( .
p(Efj)zmIXO:y/i*( )1//j() i,jeZ k=0,...,n. (1.10)

It is obvious that the actions of the elements Elkj do not change the charge. One can easily show that Fn(f) is an

irreducible g[gé)-module. Using the boson—fermion correspondence as described by [1], see also [4], we can identify

the space F" with the space
B™ — Clg, qil,xl,xz, et

Let o be the isomorphism that transposes F™ to B, Then

J
o0 ()01 = ¢F1 2 exp(E(x, 2) exp (T (x, 2)) ® AF,
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where
E(x,2) = Zx]z , n(x,z) = Z——_.

One also has

o(F™) = B™ = ¢"Clx}, x3,..]® C".
2. Wave functions and Lax equations

Casati and Ortenzi introduce in [1] the group GLgé) = GLy X Ng) where
N = {I + X| X € gloo ® AC"D (1)},

They show that for m = 0, the element ™ ¢ F,g,") is in the group orbit (™ GLgé) |m) if and only if (™ satisfies

Res; ZZ z 11//+(k Y@t"™ ®@cmpy ¥~V @T™ =0. .1
k=0 t=0 "~ T

Of course the statement also holds for all m € Z. This equation once bosonized gives an infinite family of Hirota
bilinear equations, see [1] for the details. We will bosonize here, but will not produce these Hirota bilinear equations.
We will rather be interested in wave functions and the corresponding Lax equations. It will be convenient to write
these equations in

q"Clx1, x2, ...1® ¢"Clx1, x2, ...] ® C™ ().

Then 7 can be written as
n
(m) _ (m) j
™) =Y " @)l g"
j=0
and Eq. (2.1) becomes

n n
Res, Z szeS(x’Z)e_"(x’Z)tl(,’") x)® z_me_S(x’Z)e”(x’Z)r;m)(x) ® APTatk — . 2.2)
p,q=0 k=0

which gives that forall k =0, 1, 2, ..., n one has

k
Res; Z z'”eE(X’Z)e*"(x'Z)t;m)(x) ® mee*E(X’Z)e”(X’Z)rk('f}(x) =0. (2.3)
=0

We now rewrite this in a matrix form, introduce the tau matrix

7™ (x) 0 0 0
(m) (m)
(x) (x) 0 ... 0
m) m) (m)
X x) 1, (x) ... 0
T(m)(x) — %) ( ) 7 ( ) 0 ( ) ’ (2.4)
: 0
) ) r<’"> () " (x)
and then
k
Res, Z ZmCS(x,z)e—n(x,z)T(m)(x)z—me—S(X’,z)en(X’,z)T(m)(x/) = 0. (2.5)

Jj=0
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We forget the tensor symbol and write x” for the second component of the tensor product. This equation can also be
written in terms of wave functions, let

e¥’](X,Z).L_(m) 0 0 O
e FN(x.2) L) Fn(x.z) L (m) 0 0
Fn(x,z)..(m) Fn(x,z) . (m) Fn(x,z) . (m)
@i(m,x,z) M) e T, e T e 7 0 . 2.6)
: : : 0
eqﬁn(x,z)T’EM) eﬂFn(x,z)TrE’f)l eqﬁn(x,z)rrf’g o e:FU(X»Z).Cé’")
Then (2.5) becomes
Res, 9" (m,x,z) & (m,x",z) = 0. 2.7
Now multiply both ¥ (m, x, z) with the inverse of 7™ (x), i.e., we define
-1 -1
OE(m, x, 7) = (T<m>(x)) (. x.2) = BE(m. x. 2) (T<m) (x)) . (2.8)
Then (2.7) becomes
Res, Ut (m,x,2) ¥ (m,x",z) = 0. (2.9)

We call ¥+ (m, x, z) the m-th wave function or wave matrix and ¥~ (m, x, z) the m-th adjoint wave function/matrix.
It will be convenient to write them as follows

It (m,x,2) = PT(m, x, 8)d"es ™D,

U (m, x,z7) = P~ (m, x,3)(—3) "e 5™, 210
as pseudo-differential operators in 0 = d,, with coefficients of the form
ao(x) 0 0 . 0
aj(x)  ao(x) 0 .. 0
ar(x) ai(x) ap(x) ... 0
: : : .0 |
an(x) ap—1(x) ap—2(x) ... ao(x)
acting on ef -9 respectively e ¢*:?), The following fundamental lemma will be useful.
Lemma 2.1. Let P(x, d) and Q(x, d) be matrix pseudo-differential operators, then
Res, P(x, 2)e¥™ 9 Q(y, z)e 509 = 0
if and only if
(P(x,3)0Q(x,0)%)_=0.
Here P_ = P — P, which is the pseudo-differential operator minus its differential part Py and * stands for the

adjoint of a pseudo-differential operator, which is (A(x)3™)* = (—=9)" A(x).

For a proof of this lemma see Corollary 4.1 of [5]. Note that we do not have to transpose the matrix A(x) in the
adjoint like in [5] because the coefficients of the pseudo-differential operators commute. Using the above fundamental
Lemma 2.1, one deduces from (2.9) that

(PT(m,x,9)P~(m,x,d)*)_=0. (2.11)
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Since both
Pi(m, x,d) = I + lower order terms in 0,
one gets that
PT(m,x, )P (m,x,9)* =1
and thus
P~ (m,x,3)* =P (m,x,9)"". (2.12)

Now differentiating the first component of the tensor product of (2.9) with respect to x; using again Lemma 2.1 and
(2.12) one obtains the Sato—Wilson equations

P (m,x,9) _

- (P+(m,x, 3o/ P (m. x, a)—l) P*(m, x.9). (2.13)
8xj _

where we write d for /9. Now introduce the Lax operator

L(m,x,0) = P+(m,x,3)8P+(m,x,8)_1, (2.14)
then (2.13) is equivalent to

L(m,x,9)¥*(m,x,2) =20 (m, x,2),

dUt(m, x, :

9vT(m,x,9) _ (L(m,x, a)J) Ut (m, x. 7).
8xj +

It is also straightforward to deduce from (2.13) the Lax equations

9LGn, x,9) _ [(L(m,x, 8)j>+,L(m,x, a)} (2.15)

0x;

and the Zakharov—Shabat equations

a (L(m, x, 9)k a (L(m, x, 8)/ -
(Lom,x,0)"), 3 (L(m,x ))+:[(L(m,x,a)f)+,(L(m,x,a)")J~ (2.16)

ax]' 8xk

3. Reductions

Fix a positive integer k and consider the case where

9T (x)

=ut™), peC.
0Xy
Then also
T ™
(x) _ MT(m)(x)
Xy

and

dwE m,x,z
# — 0, x, ),
k

or equivalently

IPE(m,x,9)

0.
0xy
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Using the Sato—Wilson equations (2.13) we find that
Lim, x, )" = (Lm, x,0)")
+

and thus also
dPT(m, x,d dL(m,x,d
IPTm X 0) o ppg LMD o ok
8x‘,~ 3)6/'

Now consider the case n = 1 and k = 2, then this case must be related to the coupled KdV equation. In this case
1

To(x) 0 7o(x)

71(x)  7T0(x)

T(x):T(O)(x)=< ) and (T(x) ' =

IO
50 7o(x)

and
P(x,d) = PT(0,x,0) =1+ Wi(x)d~" + Wa(x)d ™2 + W3(x)d > + - --
B . AT,y 1 92T (x) - _2
= (T (x)) (T(x) E G] 5 ( R ,uT(x)) 9
1 {337 (x) T(x) . AT(x)\ . ;3
_6< ax; e 9x1 2 dx3 R A
Then
aT 1 oW
Wix) = —(T(x))“%, Wa(x) = = ((Wl(x))2 _ ) ,u> .
X1 2 0x1

Writing W' (x) = W) and still d for 19, one has:

8X|
L*(x,d) = L*(0,x, d) = 8% — 2W, (x),
(L3(x, a))+ = 9% = 3W[(0)d + 3W () W] (x) — 3W)(x) — 3W] (x)

3 /
93 — 3W[(x)d + 3W; (x) W] (x) — 3 ((W1 ()2 — W(x) — u) —3W/(x)

3
3% —3W|(x)d — zW]”(x).
If we now write
3 3
L=L%(x,9)=0"4+V(x) and B=—(L(x,3).=-9>— SV - ZV’(x),

then the Lax equation (2.15) turns into
oL
-~ = [‘Cv B]7
0x3

which is exactly the Lax equation for the coupled KdV equation that appears in [1].
4. Bécklund-Darboux transformations

It is our aim to obtain so-called elementary Bicklund—Darboux transformations for this hierarchy. The key
ingredients in the construction of these transformations are the commutation relations (1.9). We let

D sy w) e 1
i=0
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act on (2.1) and this gives

n n_k
. 1
Res; Y gi(w)y™Pw) Y " mllfﬂk_e) @1t &cwpy ¥~ @™ =0. 4.1)

i=0 k=0 ¢=0

Using the commutation relations (1.9) we obtain in the + case

n n k
1 _ ; _
Res: 3 _giw) ) > ——v 0@y w)r™ @cug v~ V@™ =0 (4.2)
i=0 k=0 ¢=0 +
and in the — case
n n k
1 L B s _
Res: ) giw) DD g (45w — 2 = O @Y O @) 1 @iy ¥ O @™ = 0. 43)
i=0 k=0 ¢=0

Note that we could have replaced in both equations ) ;_, by Zi:m we will however not do that. Next we let
n . n .
10> gimytPm), 18 gy V()
j=0 j=0
act on (4.2) and (4.3) respectively. Again using (1.9), this gives

n n k
1 B .
Res; Y, giwlgj(0) )Y v @y P w)r™ ®cm,
i,j=0 k=0 ¢=0
(4750 =2 =y~ Oy~ ) 1™ =0 “4)
and
Y Shull k-t *k=0) 0 (m)
. . i+k— _ _ o, k= —(i m
Res: D &g ) ) 1= (478w —2) =y 0@y ) r
i,j=0 k=0 £=0
®cmp ¥ @y D™ =o0. 4.5)
We now take the Res,, of the expressions (4.2), (4.3) and Res,,Resy, of (4.4), (4.5) and define
n
7D = Resy, Y gi )y ™D (w)r™.
i=0

Then (4.2) turns into the first equation of (4.6), which is

n k
1 _ _
Res;, Z Z oy 1¢+(k 5)(Z)T(Wl+1) ®cm ¥ (K)(Z).L.(m) =0,

k=0 £=0
n k n
1 _ _ _ _
RGSZ Z mw+(k o (Z)T(m D ®(C(n)(k) w © (Z)T(m) = Z )\,kf(m) ®(C(”)(A) T(m 1), (46)
k=0 ¢=0 k=0

n k
1 _ _
Res, Z mwﬂk Z)(Z).L,(m:tl) ®cm e " (Z)(Z)T(mzl:l) -0
k=0 £€=0

Using the fact that

n k
Resy, Zg,»(w) Z AFk=Ls — z)z™™ ®cm () YO )M = pkm ®cm () rm=b
i=0 =0
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and taking Res,, of (4.3), we obtain the second equation of (4.6). Since

Res,Resy Y gi(w)g; (Y~ D)y~ =0,
i,j=0

one has

n n k i+lk—¢
At _ Ny
Res, Res,Res; Y gi(w)g;(») Y Y P 8w — 27" ®cmy ¥ @y P ()™
i,j=0 k=0 £=0

n n
=> A1 @cw ) ResyResy Y gi(w)g; (v~ D)y~ ()™ = 0.
k=0 i,j=0

Using this and taking Res,,Resy of (4.5) one obtains the minus part of the last equation of (4.6). The plus part follows
in a similar way from (4.4). We thus obtained in particular that both 7+ and ("= satisfy Eq. (2.1). If we write
again

n
20 =3 g
i=0

we find that
J
T;mil) = Resy, gi(w)w:tm
i=0
jtp
= Res,, Z gj+p_,~(w)wimeﬁ(x’w)e;”(x‘w)ri(:"[),
i=p

and thus also (see (2.4) and (2.6)):

Jj+p
TOED (1) jp = 1" = Resy Y gj4pmi(w) SEm, x, w)ip
= 4.7)
jtp
= Resy Y &jtpi(w) DT (m, x, w)ip.
i=0
Hence,
T™ED (x) = Res,, G(w) & (m, x, w),
with G (w) defined by
go(w) 0 0 0
gi1(w)  go(w) 0 0
gw) gi(w) go(w) 0
Gw) = . . ) (4.8)
: : : . 0
gn(w) gn-1(w) guoa(w) ... go(w)

Note that also
T™ED (x) = Res,, #*(m, x, w)G(w),
and thus

T(m:tl)(x) = Res,, T(m)(x) Wi(m, x, w)G(w)
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= Res, G(w) ¥ (m, x, w)T™ (x)
= Q% (m, x)T"™ (x),

which suggests the main theorem of this paper:

Theorem 4.1. Let T (x) be a tau matrix, i.e., satisfy (2.5), W= (m, x, z) be the corresponding (adjoint) wave matrix

satisfying (2.9) and G (w) be given by (4.8) such that
0% (m, x) = Res,, G(w) ¥ (m, x, w)
is well defined. Then
T (x) = 0 (m, x)T"™ (x)
satisfies again (2.5) and the corresponding (adjoint) wave matrices are given by

Ut £ 1,x,2) = (0Fm, x)) ™ 9 (0F(m, )T T (m, x, 2),
UmE1,x,2) = — (0Fm, )T 9F (0F(m, 1)) T (m, x, 2).

We call Q7 (m, x) an eigenfunction and Q~ (m, x) an adjoint eigenfunction.
We proceed with the rest of the proof of the theorem. The first equation of (4.6) gives the equation
Res, Ut (m+1,x,2) ¥ (m,x',z) =0.

Using Lemma 2.1 and (2.12) one gets that

(P+(m +1,x,9)0P (m, x, a)—l) -0

or equivalently that

PTm+1,x, 93P (m, x,3) " = al — (T“”“)(x))

0Xx1 ax]

— T(m)(x) (T(m-i-l)(x))il aT(m-H)(x) (T(m)(x)>71
—1
= 0% (m.,x)0 (@ (m.x))"",
proving the formulas for ¥+ (m + 1, x, z) of (4.11). The second equation of (4.6) is equivalent to
Res, ¥ (m —1,x,2) ¥ (m,x',2) = T™ @) T" D).

Using Lemma 2.1 again and (2.12) one gets that

(Pron— 1.2, 007 Pron x,0)7") = (T“"‘“(x))f1 T (x)5~! (T“")(x))” 7= (x)

= (0 (m,x) " a7 Q" (m, ),

or equivalently that

Ptm—1,x,0)0" P (m, x, )" = (@ (m,x)) " 9710~ (m, x),

_ (m+1) _ (m)
torthe) (T(’”)(x)) 19T (x)

(4.9)

(4.10)

.11

4.12)

which gives the formula for ¥+ (m — 1, x, z) in (4.11). From the first equation of (4.11), using (2.12) one can easily

deduce the last one.
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5. The scalar formulation

445

To generate solutions from the vacuum one wants to let several of these Biacklund—Darboux transformations act.
The matrix formulation in that case is not so convenient. We therefore also present another formulation. We return to

n
M (x) = Zt;m)(x)kj
j=1
over the ring C?™ (). Clearly if ro(m)(x) # 0 the element 7 (x) has an inverse, viz.,

_ (m) (m) 2 (m)
(x @) LI P o P (t‘ (x)) G2 DL

"W 7" (x) W) e

we define the (adjoint) wave functions to be

JEM (3 2y = (t(m) (x))‘l e TN L) ()

which we write as pseudo-differential operators

n
PEM (x,9) = 37 P (x, 9)a]
i=0

acting on e je,

,(/;_:t(m)(x’ Z) — .(Z.ii(m)(x’ Z)A-l — Pi(m)(x, a)aimeig()ﬁz).

n
i=0
Let

n
g) =) i@
i=1
be such that

n
g™ () = 3 gF™ ()0 = Res, g()P " (x, 2)
i=0

is well defined, then from the calculations of the previous section it is clear that one has the following:

Theorem 5.1. The element
™D () = gF "M ()" (x)
is again a tau function and the corresponding wave functions are given by
~ +1 F1 .
YrmED (x, 2) = (‘Ii(m)(x)> 0! (qi(m)(x)) v (x, 2),
- Fl +1 .
P @ == (¢F ) T (¢ ) T,
As a consequence, see e.g. [2], one has the following
Corollary 5.1. Let g*(z) = YI_, g¥(2)A! fork = 1,2, ..., N and let

gk (x) = Res; g ()P (x, 2)

5.1

5.2)
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then
TN ) = W (g @), g0, g TV @) T )
is again a tau function and
GHmEN (¢ 7y = (W (q+<m)1 ), ... ,q+(m)N(x)>)_l W <q+(m)l ), .., g N () G (i Z))
is the corresponding wave function. Here

8i71fj
W(f1, f2, ..., fn) = det =
dx) 1<i,j<N

is the Wronskian determinant.

In particular we can start with
O =1

and thus
FFO (x, 7) = 5D,

Now choose non-negative integers u;; withi =1,2,..., Nand j =0, 1, ..., n and define

n
gk(Z) — sz,uk,-fl,
i=0

then
n
q+(0)k(x) — Z Sﬂk; (.X'))\.k,
=0

where S (x) are the elementary Schur functions defined by

Z S; (x)z) = 5™,

JEZL
Then
N
M) = 3 W (S, 00 Sy (0 - Sy ()

ir>0, ij+ir++iy=j
(A1, A2, oo AN), AL = A2 = = Ay,
viz. if we choose
io=A1+N—1,up=22+N—=2,---> uno = An.
In particular if one chooses p;; = A;j + N —i with all A;; > 0 and
Aij = Aig1k forall0 < j k<n
then

(N) —
T (x) = > Shiiy iy iy (-
ir>0, i1+ir+-+iN=]
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